The theory of alpha-particle decay is formulated from the time-independent R-matrix theory of nuclear reactions. It is shown that the most appropriate proper solutions are the ones with radial nodes near the channel radii, and therefore the Teichmann-Wigner sum ru1es involving the alpha-particle kinetic energy may be applied. Exact and approximate relations are given for the dependence on the angular momentum of the decay rate for the square well model. Barrier penetration formulas are given which include estimates of the effects of an external nuclear exponential potential and the atomic electron screening. § L Introduction There are so many theoretical papers in the literature on alpha-particle decayl) that it is difficult to decide which theory or what combinations of theories should be used for the most significant interpretation of the experimental data. For example, in a recent paper~) it was considered desirable to use five different formalisms for the interpretations.
There are so many theoretical papers in the literature on alpha-particle decayl) that it is difficult to decide which theory or what combinations of theories should be used for the most significant interpretation of the experimental data. For example, in a recent paper~) it was considered desirable to use five different formalisms for the interpretations.
It is therefore with reluctance that we present here yet another approach. However, in the opinion of the writer it is not only simpler but also more general than the previous ones. Moreover, it is based on the methods which have been found to be particularly ~atisfactory for the interpretation of nuclear resonance reactions, of which alpha-particle decay may be considered as a special case. Although the application of resonance theory to alpha-decay is not new, some of the previous attempts have overlooked the important effect of the boundary condition on the decay rateS).
In § 2 it is shown that the generalized one-level collision matrix of Wigner and Eisenbud 4 ) may be applied, the decay rate being related to the imaginary part of the energy of the pole of the resonance denominator. It is then shown that due to the intense alpha-decay barrier, the proper boundary condition for the radial derivative of the eigensolutions is one which is essentially infinite, rather than close to zero as in the familiar applications of the resonance theory to light nuclear interactions where the barriers are relatively weak. Consequently, the sum rules to be considered are those given by Teichmann and Wigner~) which compare the kinetic energy of the alpha-particle on the nuclear surface to its average value within the surface, rather than the rules which compare the squares of the amplitudes of the wave function.
The square well model is treated in detail in § 3 where the dependence of its reduced widths on the angular momentum L, as first obtained by Preston,sl is derived in a simple manner. The effect of an exponentially decaying external nuclear potential on barrier penetration is estimated in § 4. The JWKB formulas for the barrier penetration and the level shift factors and a detailed consideration of the corrections for atomic electron screening are given in the Appendices. Throughout this account it is assumed that the nucleus is spherically symmetric. It is hoped that the generality of the method may lend itself to the interpretation of the recent evidences for the non-sphericity of the nucleus. 7l Although the present formalism is applicable to a many-body description of alpha decay/·9) it is beyond its scope to provide specific reasons for the irregularity and the hindrance of alpha emission from odd-A nuclei,s) in contrast with the apparent regularity of emission from the even-even nuclei to the ground and first excited states. 10 ) § 2. General Theory It can be shown by means of appropriate wave packets constructed with the timeindependent solutions of the wave equation that the decay constants of radioactive states are ii-I times the imaginary parts of the energies of the poles of the collision matrixY)
The poles of the collision matrix may be expressed in terms of the significant parameters EJ,. and r}" of the nuclear system by means of the R-matrix formalism of Wigner and collaborators. 4 • 5l If one level A of the R matrix* (la) IS explicitly separated from the rest in the manner (lb) it is found that the resonance denominator of the generalized collision matrix of Wigner and Eisenbud becomes (2) the total level width r}" and total level shift Li}.. being expressed as scalar products over both positive and negative energy channels: (1t, R"'(1},,) , a}" = (l-R""i:,)-lh, (1},,=i,a) ., (3) * The notation used here dilfers in some respects from that of Teichmann and Wigner.5) Our reduced width rAC 2 is a c -I times theirs and therefore has the dimension of energy, and our R matrix is dimensionless. The relation between the boundary conditions is -Bc=a;bc. Our where p=kr and a prime denotes differentiation with respect to p, they are given by
the varIOUS quantitIes being evaluated at r=a. The r.\.e are the probability amplitudes at the channel entrances c for the .x~ :
where <Pc is the product wave function for the internal coordinates of the alpha particle, the residual nucleus, and the spherical harmonic, as described by Teichmann and Wigner, and 5 is the surface surrounding the internal region; r,,~ is referred to as the reduced width at the level A for the channel c.
In the study of an isolated resonance level, it is usually assumed that the contribution R'" from the other levels is constant in the vicinity of the level. In the absence of such an assumption, the collision matrix with (2) as resonance denominator is exact in R-matrix theory. It will now be shown that in alpha-decay applications where the penetration factor is extremely small, the effect of the other levels may be made negligible by suitable choice of the boundary-condition matrix components. This result is in conformity with the well-known fact that the complex wave functions describing alpha decay may be closely approximated by real standing waves. H )
The components of B are set so that Bc=5c(E~), where E~=E.\. is the real energy of the emitted alpha particle, and therefore at complex energies E in the neighborhood of E~ the components of S may be closely approximated by the first non-vanishing term of the series expansion,
where the dot denotes differentiation with respect to energy. It is now assumed that the complex energy E~ which is the zero of (2), is so close to E,. that the components of the matrix R'" 1;, are negligible, and the width and shift matrices may therefore be approximated by
The results obtained confirm the assumption. The pole of the collision matrix is then the energy E which satisfies the equation or (8) It is shown in Appendix III that the quantity Ll). is less than 10-2 in alpha decay and therefore may be neglected. The disintegration rate A then reduces to the familiar expression
The presence of the term Ll). in (8), which may be unfamiliar, essentially normalizes the wave function of the system within the volume bounded in the vicinity of the classical turning points rather than within the volume bounded by the channel radii ac, as in the normalization of the X). and r).c. As a result of the strong alpha-decay barriers, the difference between these two normalizations is very small. However, it may be of importance in the study of resonances in light nuclear collisions where the barriers are weak. I3 ) This distinction has been discussed by Breit tl ) and by Teichmann and Wigner. 5 ) Breit and his collaborators have found both the JWKB and steepest-descent approximations to the irregular function G to be accurate within a percent in a number of typical 'a1pha-decay evaluations. 12 ) The various formulas of the JWKB approximation which are used are given in Appendix 1. The partial width for the decay through an alpha-emitting channel of relative angular momentum L may be written as (10) By means of Eq. (29) In terms of the product function cf;., the formal definition is 257 (12)
The numerical value of the dimensionless boundary condition is so large that little error is made by considering it to be infinite for the determination of iJ)..c> in which case the X). become the solutions having a radial node at the channel surface where r=a, that is r).c=O. Eq. (12) indicates that the decay width is proportional to the square of the radial derivative at the node. This approximation permits us to apply the rule of Teichmann and Wigner 5 ) which assumes that the kinetic energy of the alpha particle on the nuclear surface is equal to or less than its average Ta. within the nucleus,
the approximate equality being used if a two-body description is valid and the inequality being applicable to the many-body case. Although it is beyond the scope of the present theory to specify precisely the value of Ta., it is expected to be of the order of magnitude of a few Mev, as indicated below. The question of a many-body description for alpha -;{ecay has been discussed by a number of writers. 8 ,g) For any model that is assumed for the determination of the X).. and iJ).c, the shell model for example, Eq. (13) gives the reduced width. Its general evaluation is unfortunately rather difficult. As a result the usual procedure in the study of alpha-decay data has been to assume that the two-body description applies, specifically the square well model for which (15) as shown in the next section, and to use the width formula to determine the channel radius. It is well known that this procedure probably gives a lower limit of a. It would be desirable to be able to determine the iJ).~ in some other way so that the decay rates could be used to give the actual radii. In view of the general usage of the square well as a model for the alpha-particle-residual-nucleus interaction, it is treated in some detail in the next section, in particular with regard to the determination of the dependence of the reduced width on L More complicated two-body potentials, which usually require detailed numerical evaluations, will not be discussed. q", ;S 1 is a factor for the probability of the existence of alpha particles on the nuclear surface. From the presumption that the cross section for the absorption of fast alpha particles in collisions with heavy nuclei is about equal to the cross sectional area of the heavy nucleus, it is usually inferred that q", ~ 1. The fallacy of this argument is that part of the absorption cross section may be due to non-compound-nucleus processes to which the usual argument that the compound nucleus decays independently of its mode of formation does not apply. However, some experimental data appear to indicate that the intrinsic emission probabilities q do not differ significantly from unity for alpha particles and tritons as well. 15 ) § 3. The square well model
The wave function of a particle with angular momentum L interacting with a square well potential Va is the half-integer Bessel function (17) where For these functions the boundary condition B I.' which 1S a-times the logarithmic derivative, is at r=a; the prime denotes differentiation with respect to z. It is convenient to introduce a dimensionless reduced width If B f. is now regarded as the energy-dependent logarithmic derivative, the Green's-theorem relation l3 ) gives (20) By means of the Bessel equation
one finds that
where gf. is the solution to the transcendental equation (18), which may be expressed alternatively as 
BL=ZLFL_l(Z:r.)FL(ZL)-l_L (23)
by means of the recursion relation for F;. As indicated in §.2, in alpha decay the boundary condition is (24) a large quantity. As an approximation one may-therefore assume it to be infinite, obtaining (25) where ZL is the first zero of the tabulated function iL+~(Z)=Z-IFL(Z).18) The accuracy of this approximation is easily assessed. With p=9.42, ~=25.4, which corresponds to the emission of a_ 5-Mev alpha particle by uranium from a radius a=9.6 x to-l3 cm, one finds that B o=-18.96, ro(approx.)!ro(exact) =1.16, and B;=-20.20 , r 5 (approx.)! r5(exact) =1.25. In view of the approximate nature of the square well model, Eq. (25) would appear to be sufficiently accurate.
The approximation (25) indicates that the reduced widths a}..:. are simply proportional to the square of the roots of the half-integer Bessel functions. In the case L=o, the first zero is zo=1r so that the decay rate becomes (26) which is identical to Bethe's Eq. (587)9) and to the approximation to Preston's exact expressions, as given by Rasmussen's Eq. (24) .2) Table I lists the squares of the first zeros for L in the range 0 (1) 5. The reduced width a}..i thus increases by a factor of nine as L increases from zero to five.
This increase will partially compensate for the decrease of the decay rate due to the increase of the centrifugal barrier. Table II lists for the same example r:;.2 times the penetration factor for angular momentum L divided by that for L=O, and the corresponding ratios of decay rates. The decay rate increases with L with a maximum at L=2 and then slowly decreases. Such a behavior was -first noticed by Preston,Rl whose results are presumably the same as the exact treatment given here, although they appear in a considerably more complicated form. An interpretation of the increase of the reduced widths with L has also been given by Preston. The larger is L, the larger is the centrifugal repulsion near the origin. This repulsion must be compensated by an increase of the well depth I Vol, and as a result the kinetic' energy of the particle is larger at the surface where the centrifugal repulsion is not so large. However, this effect has not been confirmed experimentally.l7l Table II The ratios of the penetration factor Cr.-1exp( -2er.) -ror angular momentum L to (O-lexp ( -2eo) for L=o and the ratios of the corresponding decay rates are listed for the case p=9.42, 1}=25.4, corresponding to the emission of a 5-Mev alpha particle by uranium from a radius a=9.6 x 1O-13cm. 
where
Jr Jrl

P (1') =[g(r) /G(r) JP(1').
In the case of an attractive potential, V is negative, and if it does not completely annul the barrier potential, 0< g(r) < G(r). To obtain an upper bound for ILII one may therefore replace P in (27) by P.
We consider the exponential with the range 1'0:
In the range of radii wherein the main contributions to LI occur, G (1') Zr is the charge number of the recoil nucleus, a is the channel radius in units of 10-ta cm, and EtI. is the energy in. Mev of the alpha particle in the laboratory system, corrected for atomic electron screening and interaction effects, as indicated in Appendix II.
Appendix II
The electron screening and interaction corrections
The coulomb field of the nucleus is partially screened by the atomic electrons. According to the observation by Foldy,21) in the vicinity of the nucleus the potential energy of an alpha particle in the atomic electron field of the initial nucleus of charge number Zi=Z" + Zr is given by 65.3Z/ 15 e.v. A very fast alpha particle would lose this much kinetic energy in passing through the electron cloud. However, in alpha-decay applications the alpha-particle velocity is slower than most of the atomic orbital velocities.
Therefore, an adiabatic correction term should be included for the fraction f of principal atomic shells, the electron orbital velocities of which are greater than the alpha-particle velocity. According to the results of Serber and Snyder, 22 ) the above potential energy should accordingly be reduced by an amount which is approximately given by 91.4 Zt'le.v. As the effective alpha-particle-electron interactions occur beyond the classical turning point in most applications, the JWKB penetration formulas as given in Appendix I may be used by simply substituting for E .. the corrected quantity (31) If the alpha-particle energy is very small so that the classical turning point (in the case of L=o it is the value of the radius where p=2'1) occurs in the vicinity of some of the electron orbits, then a more detailed evaluation of the penetration is required.
It is possible to make a sufficiently accurate estimate of the fraction f by using Slater's atomic shielding constants. 2Ol ) The electron orbital velocity is usually considered as given by (Z-s)e 2 /nn* where s is the screening constant and n* is the effective quantum number. As a typical example, a 4.5-Mev Th alpha particle would have a velocity equal to that of an orbital electron for which (Z-s)/n*..." 7. For the outer orbits 7Z* ..." 4.0 so that s"'" 93 -28, which is only slightly more than the number of electrons filling the first four principal shells. Since the effective number of filled principal shells in Th is 4.6, the fraction f..." 0.87. The adiabatic correction term, 480 e.v., is always small compared with the main screening term, 36.2 kev, both for the emission of an alpha particle from Th, and consequently it is frequently ignored. 24 ) It should also be mentioned that the adiabatic correction term is the average value for a distribution function; the strong dependence of the barrier penetration on the decay energy may require an effective value differing somewhat from the 'average. 
